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Ubungsblatt 8
Integralrechnung im R"
1. Doppelintegrale

1.1. Doppelintegrale mit konstanten Integrationsgrenzen

Berechnen Sie die folgenden Doppelintegrale

Al
Beispiel 1:
1- 1-
I= f f (x> + v dx dy
y-:ﬂ x==2
1- 1- 1-
Innere Integration nach x: I= [ [ (x> + " )dxdy=3 [ (1+y)dy = 4
_1;.=l'.] x=—2 [
1- 1- 1- l
Innere Integration nach y: I= J [ 2+ dydy = [ ( 24 §) dx=4
y=i) x=—2 o :
Aufgaben:
1- 1- 1- 3- 1- 1-

a I= [ (x2+vydxdy, L= [ (*\ﬁ+ W+ lJ dxdy, I= [ Vaydxdy

x=0 y=0 a=0 y=0 x=0 =0

2._ T 3. i 1. Fr."‘.i

by I = [ f X sinydx dy, I = f x? sinvdxdy, I = [ x cos(2vidxdy

x=0 }‘.:D =0 y.:O =0 }'.:D

:rr,ur2 :rr,u'g :rr,u’?. :r,u'?. :rr,u’?. :rf?.

c) I = [ [ sin{x + vidx dy, I = [ [ cos (x + vidxdy, I3 = f [ x cos(x + yvidxdy

x=0 }‘-=U =0 y-=D =0 },‘-=D
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A2
J‘f."_2 J‘f."_2 :r,n'?, :rr,n'?,
a) I} = f f sinx cos (2vidx dy, I = [ [ sin(2x) cos (3v)dxdy
x=0 y=0 x=0 y=0
:r,n'.z :r,n'.z :r,n'-.i :r,n'?
by I = f sinx cos® ydxdy, I = ( f sin(2x) cos® ydxdy
x=0 y=0 x=0 y=0
Rl 2- 2- J.I.--
cy I = f f v-cos (xyidx dy, I = [ [ x sin(xyv)dxdy
¥=0) _}'1:] x=0 _}'.:
3- 2- j- 2-
d) I = f f x In(xvidxdy, I = f f 12 In(xy)dxdy
x=1 y=1 x=1 y=1
2 =f2 . 2 =f2 3 =4 5
ey I = f f ﬂd.xd_v, I, = [ f ccrsz} dxdy, I; = f f msg}}dm‘}'
. X J . X . X
x=1 y=0 x=1 ¥=0 x=1 »=0
A3
]_ 1_ 201
a) I = f [ e dx dy, I, = [ f v2 e dx dy
x-:{I }‘-: x=fl }‘.:{I
1 2 23 1 2
[ xe xe [ ae
b) Iy = ( f axdy, k= f f dvdy, = [ - dxdy
Jo ¥ . y . ¥
x=0 y= x=0 v=1 x=0 w=1
2 2 2 2
o (2x 0w ; vy
¢l = f [ (———)dld\«, I = f ] (———z)dxdx
J . y X . vooX
x=1 »= x=1 y=1
1 1 21 21
d ;—(' f Y dxdy ;—f f Y _dxd .r—[ [ Y ixdy
) =1 1+ xv ray, =00 T+ v ay, T [+ay @
x=0 y= x=0 y=0 x=l v=
41 41
el I = f [ Vx dx dy, I = [ VX dx dy
o0 14y _ (1+y)?
x=0 = x=0 v=
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1.2. Doppelintegrale mit beliechigen Integrationsgrenzen
A4
1y 2 Wy 1 Vid-al
ay = [ f xvdxdy, I = [ [ xvdxdy, I = [ [ xvdvdx
_1,-1::} x=0 _1;.: x=0 =0 _}::I:I
3_ x 2 x 1 l—J_r2
by I = [ [ .x;_v‘j‘rf_vd.x, Iy = [ [ 1;2}'2(?‘1 dx, Iy = f f xvdvdx
¥=0 _}‘.=EI ¥=0 ¥= ¥=0) }':1] —X
]_ X 3_ \."_‘T ]_ xz—_l
ST — 2 2 oy _ 33 A A _
cy 1= ( (u + v )dvdx, I = ( ( (" + v ydxdy, I3 = f f (x +vidvdx
x=i) _1,'-=I:I }‘-z x=0 ¥=0 _',"=|]I
"2 "2y
dy I = [ [ (1 +sinvidvdx, I = [ [ {cosx + siny)dvdx
Jr.:ﬂ }'.:I:I x.:ﬂ }'.:l:l
1.3. Doppelintegrale in Polarkoordinaten
Berechnen Sie die folgenden Doppelintegrale und zeichnen Sie den Integrationsbereich
A5
" T
I = Jf.x_vd.xd_v, A: l=r<3, D&arpﬁ;z
A
L = Jf ¥’ Mu'lél— x2 — vidxdy, A P+ <d v=0
A
Berechnen Sie die folgenden Doppelintegrale
A6

. i
a) I =ff eV dvdy, A=t el
A

a2 cns‘ﬁ @

f f rdrde.

=0 r=0

by I
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|1.4. Doppelintegrale in der Volumenberechnung

Berechnen Sie die Volumina der Kérper, die durch folgende Flichen begrenzt werden oder durch
andere Angaben bestimmt werden

AT

a) f(x.y)=2+sinx-siny, Af: —-m<xysnr

glx.y)=2+sinx-siny, Ag: x2+}‘2&£rr2
by x*+yr=9. =0, z=9-y

c) v=x", v=4, z=3+x+2y

d z=2-2x—-y, x=0, y=0, z=0
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Doppelintegrale mit konstanten Integrationsgrenzen

| n

13 o 5 L 20
Iy = f [ (Va+ Vy+1)dxdy = f [§+ w"_‘r‘+1)ff.‘+'= 3
x=0 y=0 0
I = f [ Vaydxdy = % [ Vydy = )
x=0 »=0 0
2. x. R-
by I = f [ x sinvdxdy = 2 f sinydy = 4
=0 y=0 0
3. K. -?f.
I = f [ x? sinvdxdy = 9 f sinvdy = 18
x=0 y=0 0
1 a4 /4
I3 = f [ x cos(2y)dxdy = % f cos(2y)dy = —
x=0 y=0 0
n;_z mu_?i rri:?
c) I = f ( sin(x + v)dxdy = f (siny +cosy)dy = 2
=0 y=0 [\
n;_z mu_?i rrh_?
I = f ( cos(x+v)dxdy = ( (—siny+cosy)dy = 0
x=0 y=0 0
m(2 nf2 w2
I3 = f ( x cos(x+y)dxdy = ( (—x sinx +x cosx)dy = =2 +%
=0 =0 0
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Lsg.
2.
xf2 =2 x2
al h = |( f siny cos(2vidxydy = ( cos(2yidy = 0
=0 ;-':J-:u ‘.;J.
w2 ml "'I.E
I = I( [ sini2x) cos (3v)drdv = ( cosi3vldy = —;_
=0 y=0 B
o2 xf2 w2
by I = I( Jlr siny cos” ydxdy = Jlr cos® ydy = %
x=0 y=0 o
w4 =2 w2
I = I( [ sin(2x) cos® ydxdy = ! r cos® vy = —
ot 2 b
x=0 y=0
® 2 2
o) = I( J[ yreos(xyhdedy = I( sin (mv) dy = —%
x=0 y=1 1
1 = 2
I = I( [ ¥ sin(xy)dxdy = J[ (1—cos(zxiidy = 2
x=0 y=0 o

2 3

3
dr I = I( fxlnfx}']dxd}'z r’fxlnx—x+2xln2‘.ldx :—6+Sln2+§]n324.49

o o

=1 y=1 1
3 2 3
I = I( [ x In(xy)dx dy = |r (¥ Inx—x"+2x" In2) dx =
JJ J
¥=1 y=1 1
= —%+% In2+91n3 = 10.37
2 w2 2
el Iy = I( Jr Sl:Fdx:fF= I’.I?z]nlz .69
=1 y=0 1
2 w2 2
I = I( J{ cii}ldx:f}' = l' i_xzé
¥=1 y=0 1
5 3
I = If ‘JI” cniiz}'j dxdy = % |' f—i = é
x=1 y=0 1
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Lsg.
3.
L1 1 ]
al I = ( r e dxdy = |I ['61'23"— E_E:".:I dy = 3 ['—1 +e+e T - f_l-:l = (.74
+0 20 n
: 1 _
{ |‘ 2 x42 1 2 1 2
Ix = y &< dvdy = = FEFdyr= it — et = 1575
o 3 3
x=0 y=0 1]

1

1 2
bon= [ [ 2dvdr=m2 [ xetdr =122 069
i | ¥ N,

x=i y=1 0
2 3 5 2
xer ¢ 3
L= ( J|r 1'—2:1‘}.:'!‘}.*:5 J|r xf".:i"xz_|ll+lel
w=ly=1 fi]
~op & 3 ] 3
X . .
Iz = ( J|r 1;—3d}'.:i'}:=§ |' xf“dx:i|ll+lel
x=0y=1 0
cop ' 2x ' 1 - 3 3
i il i i1
cd L= { Jr |IT—;I|d}‘:1’x=§ { |I4x1n2—;||dx=§1n221.ﬂ4
w=1y=1 ' 1 '
cr o 1 - 7 7 3
| ¥ }I i f i
I = 1.{ ‘Jlr ||_}_'_F_| dydx =§ { ||3 1D2'I—ﬁlll dx =—E + E]]'I.E-E —.13
x=] =1 1
11 1
dr I = [ 1+“.:i_}.:ix= r In(l+x)dx=2In2—-1=039
w=0 y=0 : [
21 | 2 5
X .
I = ———dvdy== | m{l+2xidx==1In5-1=1.01
: ( ‘J{ Tvamy o zj n(l+2ndx =7 n
x=0 =0 0
S 2 3 ;
;3:‘[ ‘J‘ P—dvdr= | xlnf1+x“.l.:1‘x:‘1|f = 1) nudu = 3 In 3 165
x=0 y=0 1] 1
41 Vi 4 |
X &
ey I = { J|r 1+1.:1"_}'.:1‘x=1n2 I ﬁdxz?lnizj_?’ﬂ
=0 y=0 . i
41 | 4 g
X
;2_1{ r f1+vflfd}dx_i,1|r VEdr =3
x=0 =0 o
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4, Doppelintegrale mit beliebigen Integrationsgrenzen
1w 1

a) I = |r |I aydxdy = % |rl}-3d}-=%
0 220 s
2 W ] ] 1
fz = |r |I I}dﬁ:’f}':i lr_‘_rch_‘_rzj
=0 x=0 2
1 wd—x- ] 1
I = |I I( wdrdy = 5 |r x(4-x%)dx = 5
=0 y=0 ‘.;J.
S 3
by I = |I { I}'Eﬁxd}':% |r xd'{fx:ES_]
¥=0 y=0 ¥
2 x 2.
Iz = |I { IE}'E:{I{I}:% |r xsdx=3';|—2
x=0 y=0 "
L I-x2 1
I= |I |[ xydydy = % ( x|l =x 7 = (1- %7 .:i’x:ﬁ
W o
x=0 y=1-x 0

1 x 1

cl I = |I |r (% + ¥ )dxdy = %Jr’ rdx = %
x=0 y=0 ]
s 7 L
= | 2+ hdrdy = | }T+}ITII2I|E§}I:E+]E\EE 1343
}:IIII ¥=D o '
1 -1 1
n= [ [ Grpdrdy = [[r2-1+202-172) dr= —
J : i J 0 2 ) &l
x=0 =0 i}
rr:'IE x rr.'? ;[2
d I = |' |f f1+sin}"1dxd}*=1.|{ (1+x-cosmdr=T+7-1=18
x=0 y=0 0
rr:'IE X xf2

Iz = |I |rf'3'35=\’+ﬁﬂ}‘flti‘-’d}‘= rf1+x cosy—cosxldy=—24+72 1.14
wbd N
x=0 y=0 i
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Doppelintegrale in Polarkoordinaten

5.

=4

i =4
I :ﬂ J:}'dx:i}':% || r r* sin (2g)dr de = 10 ( sin(2eide = 5
M ) wt
A =1 =0

w=

=0

Abbildung 1) Darstellung des Integrationshereiche s fir das Integral 1y A @

2

L=| ¥ ,,.-'I-i - xt=ydxdy = ( r* Vad—ridr | sin® ede =

1.4. =0

lgr=3, Dge=s g

x 2
% ( r? V4 -ridr=

r=0

5T simeg 6,702

=0

o

Abbildung 2: Darstellung des Integrationsheriches firdas Inegral Ja A @ Oxrg 2, O w7

x

&l Ilzﬂ xif'“'z"?’:'.:ixd}-:
ad
A

r. cost @ de r Pedr=n r Pedr=n %—f‘l |
N | !

w=0

m2 COF g 2
b n= | | rdde=3
J [

R — e=0

Ir cos* .,-;-:1’.;:1—16 I( (cos (dd +4 cos(2e) + 3) de = 3
)

1 1
II

= 0.415

o

=0 =0

i

2

a = 0.295

J nt

=0
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7. Doppelintegrale in der Volumenberechnung
al flx,yl=2+sinx-siny, Ay —-mexyenm
U:ﬂ 2+ sinx . siny)dxdy = |r |r (2 +sinx - siny)dx dy = d= { dy=8x"~ 7896 VE
N o J
A ==K =K ¥=—x

2ix,¥)=2+sinx - siny, Ag: P+ e

‘ . VR
V= ﬂ (2+sinx-siny)drdy = |r r (2 +sinx -sinyldydx =
" o
F =—-x = T

w

—4 | VE-dr=2 = 6201 VE
At

By x4y =9 =0, z=9-y

V= ﬂ (9—y)dxdy = 8lx = 25447 VE
A

) y=x, vy=4 z=3+x+2

v =ﬂ GtatDidady= | | Gtx+ddyda= $ ~ 832 VE
A i )

F=2
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